On Weyl channels being covariant with respect 
to the maximum commutative group of 

unitaries 

Grigori G. Amosov* 
Department of Higher Mathematics 
Moscow Institute of Physics and Technology 
Dolgoprudny 141700 
RUSSIA 

February 9, 2008 



Abstract 

We investigate the Weyl channels being covariant with respect to 
the maximum commutative group of unitary operators. This class in- 
cludes the quantum depolarizing channel and the "two-Pauli" channel 
as well. Then, we show that our estimation of the output entropy for a 
tensor product of the phase damping channel and the identity channel 
based upon the decreasing property of the relative entropy allows to 
prove the additivity conjecture for the minimal output entropy for the 
quantum depolarizing channel in any prime dimesnsion and for the 
"two Pauli" channel in the qubit case. 

1 Introduction 

Let H be a finite-dimensional Hilbert space. Denote cr{H) the set 
of states (positive unit-trace operators) in H. The linear map : 
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a(H) — > a(H) is said to be a quantum channel if 3>* is completely pos- 
itive (|B1)- The quantum channel <I> is called bistochastic if = 
hlH, where Ijj is the identity operator in H. 

The Holevo-Schumacher- Westmoreland bound Ci(3>) of a quantum 
channel is defined by the formula 

r r 

d($) = sup S(£*Mxi)) " E V?(*(*i))> 

x 3 ea(H),n j = 1 j = l 

where <S(x) = —Trxlogx is the von Neumann entropy of x and the 
supremum is taken over all probability distributions ir = (vrj)^ =1 , < 

r 

7Tj < 1, ^ 7Tj = 1 for all r G N. T/ie additivity conjecture states 
that for any two channels <J> and V& 

Ci(*®*) = C , i(*) + C , i(*). 

If the additivity conjecture holds, one can easily find the capacity C(^) 



of the channel ^ by the formula = lim —^-z — - = Ci(^) (see 

n— ++oo 



Ci(*® n ) 

one uiiamici *r uy uxic lunuuia ^ y-x j — 11111 

At the moment, the additivity conjecture is proved for a number of 
different cases ((HIEIEIEIEIE])- The crucial role was played by C. 
King who proved |13| I14j the additivity conjecture for all bistochastic 
qubit channels as well as for the quanum depolarizing channel. In [2] 
it was shown that the additivity conjecture for the channels of the 
form ^o$, where $ is the quantum depolarizing channel and is the 
phase damping can be proved by means of the decreasing property of 
the relative entropy I n the present paper we continue to study 
a possibility to use the decreasing property of the relative entropy 
to estimate the von Neumann entropy of the output of a quantum 
channel. 

The additivity conjecture for the quantity C\ is closely connected 
with the additivity conjecture for the entropy infimum which states 
that 

inf S(($® *)(/>))= inf 5($(p))+ inf 

p£<r(H®K) pecr(H) P&a(K) 

for any two channels $ and ^ acting in Hilbert spaces H and K, 
respectively. For the case of the Weyl channel we consider in the 
present paper, if the additivity conjecture for the entropy infimum 
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holds it implies that the quantity C\ is additive also ( 10 J. As it 
is shown in the additivity conjectures for C\ and the entropy 
infimum are globally equivalent. 

Fix the basis ej, < j < d — 1, in a Hilbert space H, dimH = d, 
and define a unitary operator U by the formula 

d-l 

e d i\ ej >< ej \. 

3=0 

d-l 

Given a probability distribution < Xj < 1, ^ Aj = 1, we shall call 
the bistochastic quantum channel defined as 

d-l 

= ^ XjU j xU* j , x £ a(H), (1) 
j=o 

by a phase damping. The map 

. d-l d-l 

E{x) = - U j xll* j = ^2 \ e i >< e j\ x \ e j >< e iV 

3=0 j=0 

x £ o~(H), is a conditional expectation to the algebra of the elements 
being fixed with respect to the action of the group {W , < j < d— 1} 
and, hence, of the channel <£. 

Given two states p and p, let S(p, p) = Tr(plogp) — Tr(p log/?) be 
the Umegaki relative entropy [T^]- Due to the following property 
holds, 

S($(p)Mp))<S(p,p) 

for any (not necessarily bistochastic) quantum channel <3?. Using this 
property it is possible to estimate the entropy of the output of a quan- 
tum channel ([2]). 

Let K be an arbitary finite-dimensional Hilbert space. Using the 
decreasing property of the relative entropy we shall prove the following 
statement. 

Theorem l.Let x £ a(H ® K) be such that 
E(Tr K (x)) = ±I H . 
Then, for the phase damping 0) we get 

d-l d-l 

Jd)(aO) > - 5>i log A i + g £ Sfo), (2) 

j=0 j=0 
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where Xj = dTrH((\&j >< ej\ ® Ik)x) G ct(-R'), < j < d— 1. 

Analyzing the Weyl channels being covariant with respect to the 
maximum commutative group of unitary operators we shall prove the 
following two theorems based upon the estimation (J2J). 

Theorem 2.Let §(p) = (l-p)p+p H , pG a(H), 0<p< J^, 
be the quantum depolarizing channel in the Hilbert space H of the 
prime dimension d. Then, there exists d orthonormal bases < 
s,j<d—l} in H such that 

S(($®Id)(x)) > -(1 - ^-lp) log(l - ^llp) - ^plog V - + (3) 

a d d d 

d-ld-l 
j=0 s=0 

where x G a{H <g> K), x] = dTr^((|ej >< e| | I^x) G cr(i^), < 
j,s <d-l. 

Denote a x , a y and a z the Pauli operators. 

Theorem 3. Let 3>(p) = (1 — 2p)p + pa y pa y + pa z pa z be the "two 
Pauli" channel in the space H, dimH = 2. Suppose that p < ^, then 
there exist three orthonormal bases (ef , e|), 1 < s < 3, in H such that 

1 3 

> -(1-p) log(l -p) -plogp+ - ]T(S(x}) +5(xJ)), 

n=l 

w/iere x G a(H <g> K), x* = 2Tr H ((\e{ >< e{\ <g> I K )x) G cr(K), 1 < 
j < 3, 1 < k < 2. 

Remark. The additivity of the minimal output entropy for the quan- 
tum depolarizing channel and the "two-Pauli" channel follows from 
Theorems 2 and 3. Indeed, these theorems contain more information. 
It was shown in \13\j that if the additivity conjecture holds for the qubit 
depolarizing channel and the "two-Pauli" channel in the case p < \, 
then it holds for all bistochastic qubit channels. Hence, in particular, 
Theorems 2 and 3 imply that the additivity conjecture holds for all 
bistochastic qubit channels. 

This paper is organized as follows. In Part 2 we prove Theorem 1. 
Part 3 is devoted to the description of the Weyl (the same as Weyl- 
covariant) channels. The orbits of the maximum commutative groups 
in the dimensions d = 2 and d = 3 are described in Part 3. In Part 

4 we find the conditions which are sufficient for the Weyl channel be 
covariant with respect to the maximum commutative group. In Part 

5 the proof of Theorems 2 and 3 is given. 
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2 Proof of Theorem 1 

In this section we shall use the approach introduced in 

Fix x with the property formulated in Theorem 1 and define a 
quantum channel E x : a(H K) — > a(H K) by the formula 

d-l 

E x (p) = Y / Tr((\e j >< e^I^p)^ ®I K )x(U* j ®I K ), p G a{H®K). 

j=0 

d-l d-l 

Put p = Yl ^j\ e j >< e j\ ®Vi p = E \\ e j >< e j\ ® y = \Ih ® y, 

3=0 j=0 

where y G cr(K) is an arbitrary fixed state. Then, 

EsCp) = (*® Jd)(x), 

d-l 

i=o 

Notice that E = (E ® Id) is the conditional expectation to algebra of 
the elements being fixed with respect to the action of the cyclic group 
{Ui®I K , 0<j<d-l}. 

The decreasing property of the relative entropy ^To\ gives us the 
estimation: 

d-i 

S(E x (p),E x (p)) < S(p,p) =£)A i logA i + log(d). (4) 

3=0 

On the other hand, 

S(E x (p),E x (p)) = IY((* Id)(x) log($ /d)0*0)- 

Tr(($0ld)(x)log£(x)) = Id){x))- 

Tr(E o ($ icOO) log = 

-S(($0/d)(x)) + ,S(£(x)). (5) 

Here we used the equality E o ($ Id) = -E 1 which holds because E 
is the conditional expectation to the algebra of elements being fixed 
with respect to the action of $ Id. It follows from the condition of 
Theorem 1 that 

. d-l 

E{x) = - ^2 \ e j >< e jl ® x j> x i e a (K)- 

3=0 
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Thus, 

d-l 

S(E(x))=log(d) + -Y,S(x J ), (6) 

3=0 

xj = dTr H ((\ej X e 3 -| ® Ir)x), < j < d - I. Combining (gj), © 
and © we get the result we need. 



3 The Weyl channels 



Recently the representation of quantum channels by means of the 
discrete Weyl group were discussed in different contexts ( [2J EJ EJ ) . 
Fix the orthonormal basis \k >, k = 0, 1, . . . , d— 1 of the Hilbert space 
H, dimH = d, and define the unitary operators U m n by the formula 

(0) 

d-l 

U m ,n = e ~^ kn \k + Tn mod d >< k\, 
k=o 

< m,n < d— 1. The operators U m ,n are satisfied the Weyl commu- 
tation relations, 

< m,n,m' , n' < d — 1. We shall call f7 m . n by a Weyl operator. 
Notice that 

£/ mj0 |A; >= \k + m mod d >, U , n \k >= e^ kn mod d \k >, (8) 

U m ,n = U m U n , < m, n < d - 1. 

We shall consider bistochastic quantum communication channels of 
the following form 

d-l 

$ ( x ) = 5^ n m,nU mt nXU^ )n , (9) 
m,n=0 

d-l 

x G cr(H), where < ir m ^ n < 1, ^ vr mjTl = 1, is an arbitrary 

m,n=0 

probability distribution. We shall call Q by a Weyl channel. 

The bases (ej) d ~Q and (fj) jZq of the space H are said to be mutu- 
ally unbiased bases if | < ej\fk > \ = < j, < d — 1. For 

6 



example, the eigenvectors fj = \j > and ej = -4= &~ \k > of the 

v k=o 

Weyl operators Uo >n and U m ,o, respectively, form mutually unbiased 
bases. If the dimension d of the Hilbert space H is prime, there exist 
d+1 mutually unbiased bases {e^ , < j < d— 1, < A; < <i} which 
can defined as the eigenvectors of the Weyl operators U s k & such that 

d-l 

l e 3 >< e j\ = ^ E e ™ jku 'k,k, < a < d - 1, (10) 

fc=0 

ki><^4i;^%=ii><ii' 

fc=0 

Because the elements of the mutually unbiased bases (ej) are eigen- 
vectors for the Weyl operators U s k t k and Uk,o, we get 

d-l 

U skjk = J2 e ^ jk \ e j >< e jl < s < d - 1, 

3=0 

3=0 

Fix a basis (ej)^ZQ in the space -ff. We shall call by the maximi- 

mum commutative group of unitaries Ud((fij) jZq) a d-parameter group 
of unitary operators 

d-l 

U = J2e i ' t>j \e j ><e j \, (11) 

3=0 

where 4>j, < j < d — 1, are arbitrary real numbers. Denote by 
U s d = Wd((ej)^~Q), < s < d, the maximum commutative groups 
generated by the mutually unbiased bases l|lUj). 
The bistochastic quantum channel 

d-i 

E s (x) = ^ \ e j >< e s j\x\e s j X e J | , x £ cr(i?), 

3=0 

is a conditional expectation to the algebra of elements being fixed with 
respect to the action of the maximum commutative group U d as well 
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as of the phase damping channel 

d-l 

j=0 

for < s < d — 1 and 

d-l 

®d(x) =^2\jU jfl xU jfl 

for s = d. 

4 Orbits of the maximum commuta- 
tive group of unitaries. 

Denote by Q s d the set consisting of the unit vectors g for which there 
exists the unitary operator U s G Wj, < s < d — 1, such that 

E d (U s \g><g\U* s ) = - d I H , 

Let A s d be the convex set of states generated by the one-dimensional 
projections \g >< g\, g £ Q d . 

Lemma 1. Given complex numbers a,b, \a\ 2 + |6| 2 = 1 there exist 
the real numbers <f>,ip, a £ [0, 2ir] such that 

e i<t> a + e #6 = i j 
e^a - e^b = e ia . 

Proof. 

Pick up 4>, ip such that cos0 = sin?/' = \a\, — sincp = costp = \b\. 
Then, (f> = ip — arg(a), tp = — arg(b), cos a = cos(2</>), sin a = 
sin(2</>) give us the solution. □ 

Proposition 1. Suppose that d = 2. Then, Q\ = Q\ = H and, 
hence, A% = A\ = cr(H). 

Proof. 

We shall prove that Q\ = H. The identity Q\ = H can be consid- 
ered analogously. 



8 



Take a vector g £ H. Suppose that the coordinates of g in the basis 
e§, e° are < e{j|g >= a, < e^g >= b. Let the numbers <fr,ift,a € [0, 27r] 
are defined by Lemma 1. Determine the unitary operator J7 € W° by 
the formula 

[/ = e ^| e o><e[j|+e^|e?><e?|, 
then, it follows from Lemma 1, that 

1 e*° 
< e§|tf 5 >= — , < ej\Ug >= 

□ 

Proposition 2.£/f / i?, < s < 2. 
Proof. 

We shall prove that g% / H. The other cases can be considered 
analogously. 

Take a unit vector g £ H whose coordinates < e®\g >= aj, < 
j < 2,. If £?3 = -ff , then there exist the real numbers (f)j,/3j, < j < 2, 
satisfying the relations 

2 

^ e^e^i* = , < j < 2. (12) 
fc=o 

Suppose that 01,0:2 > and 03 = 0, then the condition (|12|) implies 
that 

cos(^i - <fi 2 ) = 0, 
2ti\ 

COS(0i - 02 - — ) = 

and 

COS(01 - <j) 2 ~ — ) = 0. 

But the system of these three equation has no solution. □ 

2 

Lemma 2. Given complex numbers a*, ^ \ a j\ 2 = 1 satisfying the 

j=0 

relations 

|«1«2| + I «l CK3 1 > I a2Q!3 1, 
1 0:10:2 1 + |02«3| > |ai«3|) 
|CH"3| + |0i2O3| > I OJlQ:2 1- 
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there exist the real numbers <fij,/3j, < j < 2, such that 



2 

2-Kjk \ 



J2^ j+ s ) a j = e iPk , < k <2. 

3=0 



Proof. 



rruui. 

Because aj = \aj\e %ar9<y0lj \ it suffices to consider only the case of 
m-negative real numbers aj > 0, < j < 2. Denote by 7,-, < 
j < 2, the angles of the triangle with the sides equal to the values 
otia.2, 0103 and a2«3- Then, 



non 

j 



(13) 



Put 



sin 71 sin 72 sin 73 
aiQ!2 aict3 02Q3 ' 

Oi02 = «103 cos(73) + «2«3 cos(72), 
aia 3 = aia 2 cos(7 3 ) + a 2 «3 cos(7i), (14) 
a 2 a 3 = aia 2 cos(7 2 ) + aia 3 cos(7i). 

^ . 27r 1 1 

01 = 0, (f> 2 = — + -72 - -73, 

7T 1 2 

^=3-372-373. 

Thus, we get 

a\U2 cos(^i — (/>2) + ai«3 cos(0i — (^3) + 0203 cos(02 — (^3) = 

aia 2 cos(0 2 ) - aia 3 cos(0 2 + 73) - a2«3 cos(0 2 - 72) = 

(aia 2 - aia 3 cos(7 3 ) - a 2 a3 cos(7 2 )) cos(0 2 ) + (15) 
(aia 3 sin(7 3 ) - a 2 a 3 sin(7 2 )) sin(0 2 ) = 
due to <|13|) and (|T1)) . Analogously, 

aiQ 2 sin(0i - 4> 2 ) - aia 3 sin(0i - <f> 3 ) + a 2 a 3 sin(0 2 - (£3) = 

-aia 2 sin 02 + aia 3 sin(0 2 + 73) + 02«3 sin(0 2 - 72) = 

(-aia 2 + aia 3 cos(7 3 ) + a 2 a 3 cos(7 2 )) sin(0 2 ) + (16) 
(aia 3 sin(7 3 ) - a 2 a 3 sin (72)) cos(0 2 ) = 0. 
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Denote 

2 

I k = Y^ jfa+^aj, < k < 2. 

2 

Under the condition Yl a ? = 1 the formulas (fT3|) - (fT^]) imply that 
Re{I k f + Im(I k ) 2 = 1, < k < 2. 

□ 

Proposition 3. The set C/| includes the unit vectors h whose 
coordinates a±,a2 and 03 in the basis (ep satisfy the relation 

|oilCK2| + |ai«3| > |a2"3|, 

\aiot2\ + |a2"3| > |ai"3|, (17) 
I CK 1 CK3 1 + I CK2CK3 I > |ai«2|- 

Remark. We doesn't consider the trivial case a. t = 5u for some 
i ,0<i <2. 
Proof. 

As it was done above we shall consider only the case s = 0. 

Take a vector g satisfying the relations (|17j) . Suppose that the 
coordinates of g in the basis e^e^e® are < e°,\g >= ay., < k < 2. 
Let the numbers cpj, < j < 2, are defined by Lemma 2. Determine 
the unitary operator U £ by the formula 

U = ^\e°><e% 

j=0 

then, it follows from Lemma 2 that 

I < e)\Ug > I = -L, 0<j<2. 

□ 

Denote by and M(0) the algebra of all d X d matrices and its 
subalgebra generated by the cyclic group {U m fi, < n < d — 1}, 
respectively. Let Ud be the maximum commutative group constructed 
by means of the basis (ej )^Zq . 

Proposition 4. The inclusion W G M(0) holds for all W 6 Ud- 

Proof. 

It suffices to notice that U m fi &Ud, < m < d — 1. 
□ 
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5 The covariant Weyl channels. 



The quantum channel $ is said to be covariant with respect to the 
group U being a subgroup of the group of all unitary operators in H 
if 

$(UxU*) = U<S>(x)U*, x e a(H), U eU. 

The Weyl operators U min satisfying the relation Q form the basis 
in the algebra of all d x d matrices. Moreover, the action of a Weyl 
channel (jUJ) on the Weyl operator U s j is given by the formula 

$(U Sjt ) = x st u Sjt , 

where 

d-i 

\ \ s — 2ni(sn—tm)/d 

X s t = Km,nZ ■ 

m,n=0 

Proposition 5. Suppose that X s t = ih = const, < s < d—1, 1 < 
t < d—1. Then the Weyl channel is covariant with respect to the 
maximum commutative group lAf. 

Remark. If d = 2, a role of the maximum commutative group of 
unitaries can be played by all multiples of the group SO (2) consisting 
of all rotations in H implemented by the matrices of the form 

W cos0 sin M (f, ^ e [o,2tt]. 
V — sm <p cos (ft J 

It is straightforward to check that the bistochastic qubit channel deter- 
mined by the triple [Ai,A2,As] is covariant with respect to the group 
of rotations iff X% = A3. Thus, this class includes the quantum depo- 
larizing channel [A, A, A] and the "two-Pauli" channel [A, 1 — 2A, A] as 
well. 

Proof. 

Denote M(n) the algebra of matrices generated by the Weyl oper- 
ators U m%n , < m < d — 1. Due to Proposition 4 a unitary operator 
W <EU$ can be represented as 

d-i 

W = ^ CmUmfi. 
m=0 

Hence WU mfi W* = U mfi , < m < d - 1, and WM(n)W* C M(n) 
for all W G Uf, 1 < n < d — 1. It follows that if the condition of 
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Proposition 5 holds, we get WU S:t W* G M(t) for 1 < t < d - 1. 
Hence, 

$(W s , t W*) = MtWEW = W$(U a>t )W*, 

0<s,t<d-l. □ 

Proposition 6. Suppose that 7T mn = p m , < m < d - 1, 1 < 

n < d — 1. T/ien i/ie T^ey/ channel is covariant with respect to the 
maximum commutative group U§. 

Remark. If ir 00 = (1 - ^-p) and ir m0 = p n = Jar, 1 < n,m < 
d — 1, t/ie VFeyl channel is the quantum depolarizing channel, 

dP 

= (1 - p)z + ^Tr(x), < p < -= -. 

a a z — 1 

Suppose that d = 2, then the "two Pauli" channel 

$(p) = (l-2p)p + po- y po-y+po- z po- z , p£a(H), (18) 

is satisfied the conditions of Proposition 6 if we identify the Weyl oper- 
ators with the Pauli operators such that J7o,o = Ih, ^i,o = °~x, ^o,i = 
Cy, Ui t x = ia z . 

Proof. 

In the case, 

Xst = £ vr m0 e" 2 ^ + £ ]T ^^(sn-^/d = 

m=0 n=l m=0 

d-l 

^( 7 r m0 -p m )e- 2mtm/d ^/, t , 

m=0 

< s < d — 1, 1 < t < d — 1. So, the result follows from Proposition 
5. 

□ 

Fix the positive numbers < p n < 1, < r m < 1, 1 < n < 

d-l d-l 

d — 1, < m < d — 1, such that d ^ p n + Yl r m = 1 and consider 

n=l m=0 

the Weyl channel 

d-l d-l d-l 

$0*0 = X] r mU m ,0xU^ fi + ^ ^Pr^m,n^m,n> (19) 
m=0 m=0 n=l 

x G cr(iT). 
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Proposition 7. Suppose that d is a prime number, then the Weyl 
channel M(J\) can be represented in the form 



d-l d-l 



$( x ) = EE c m U m ^ k {x)U* mfl , (20) 



k=0 m=Q 

where 

d-i 



$k( x ) — \ n U n k mod d,nXU* k mod d „, X £ Cr(H), 



n=0 

are the phase damping channels and 

d-i 



Aq = 1 - dy^ y p n , X n = dp n , 1 < n < d- 1, 



n=l 

r r , 



, < m < d- 1. 



d(l-dY, Pn) 

n=l 

Remark. Suppose that d = 2, then the qubit Weyl channel iiy\) 
has the following form, 

= r p + r x o x po x + p\(JypOy + picr z pa z , p G a(H), 

where we have identified the Weyl operators with the Pauli matrices 
such that Uofi = In, Ui,o = cr x , f/o,i = o~ y , Ui t % = ia z . In the case, 
in the representation \2U\) we get 

Tn ri 
2(1 -2pi) 2(1 -2pi) 

$o(p) = (1 - 2pi)/0 + 2pia y po-y, 
$i(p) = (1 - 2pi)p + 2^(7^0-2, 

Proof. 

Let us compare the equations (|19|) and (|2T?|) . In (|2T?|) it is included 
<i terms coAox, d terms CmXoUmfixU^ as well as d terms 

C-m—nk mod dXnU m n xU m n , 71 ^ 0, 
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(corresponding to each the channel <!>&). Hence, 
dc m Xo = r m , < m < d - 1, 



d-l d-l 

^ ^ C-m—nk mod d^n = ^ ~] CfcAn = dp n ., \ Tl d 1. 
k=0 k=0 
d-l d-l 

Then, let us claim ^ A ra = ^ c n = 1. It follows that 

n=0 n=0 

dc m \ = r m , 0<m<d-l, 
A n = dp n , 1 < n < d — 1. 



Hence, 



n=l 



c ™ = ~i ' < m < d - 1. 



n=l 



□ 



6 The estimation of the output entropy. 

Using Theorem 1 and Propositions 7 we can prove Theorem 2. 
Proof of Theorem 2. 

For x <E a(H ® K) choose the unitary operator W in H such that 
Tr K (y) = WTr K (x)W* G ,4/^, where y = (VF <g> I K ). 

Here we denoted the algebra of elements being fixed with respect 
to the action of the group The algebra Afi x is generated by the 
projections \ej X e^|. Hence, 

E s (Tr K (y)) = -I H , 0< s< d- 1, 

because the bases (ep are mutually unbiased. Using the covariance of 
<3? with respect to the group of all unitary operators in H we get 

Id)(x)) =S(($®Id)(y)). 
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Due to Proposition 7 the tensor product of the quantum depolar- 
izing channel and the identity channel can be represented as follows 

d-l d-l 

(* ® Jd)(y) = X) c «(^o ® ® Id)(y)(U^ ® I*-), (21) 

fc=0m=0 

where 

mod d,?i mod d,n 

n=0 

— 1 J? 

A = 1 — p, A n = -,l<n<d-l, 

a a 



C ° d(l - ^p) 
p 



1< m < d- 1. 



d 

Applying Theorem 1 to each term (<!>£. (g) Id)(y) included in the sum 
(J2TJ) we obtain the estimation © with x s - = dTr((\f? X f!j\(g) I K )x), 
where \ f? >= W*\e) >, < j, s < d- 1. 
□ 

Now consider the qubit case d = 2. Let us involve the Pauli oper- 
ators such that 

^o,o = I Hi Uifi = a x , U 0) i = a y , Ui t i = ia z . 

Then, the maximum commutative groups = U y , U\ = U z , Wf = £4 
are generated by the spectral projections of the Pauli operators a y , a z 
and a x , respectively. In the following we shall also use the notation 

e °j = e j' e ) = e j anc ^ e I = e j ' = ^' as we ^ as ^° = ^ = 
-^2 = -E-r for the corresponding conditional expectations. 

The "two-Pauli" channel 

$(p) = (1 - 2p)p + pa y pa y + pa z pa z , p e a(H), < p < -. (22) 

is covariant with respect to W x by means of Proposition 6. 

Proposition 8. The channel JU|) can be represented as a convex 
combination of the form 

Hp) = V-^ $ iO°) + t^-^i(p)(Tz, 
i — p i — p 
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where 

is the phase damping and the channel 

T / \ 1 — P 1—P 

*HP) = VP H ^—VxPVx H ^— o" 2/ ocr 2 

is covariant with respect to U y . 
Proof. 

It is straightforward to check the validity of the formula. To show 
that the channel is covariant with respect to U y let us redefine the 
correspondence between the Pauli operators and the Weyl operators 
such that 

o~ y = Uifi, a z = C7 ,i , o- x = —iUi t i. 

Then, the result follows from Proposition 6. 
□ 

In the proof of Theorem 3 we shall need the "two Pauli" channel 
of the form 

1 — p 1 — p 
*l(p) = PP-\ y~ GxP<7x H y~ o- z pa z , p G a{H). (23) 

It is straightforward to check that the following estimation holds. 
Proposition 9. Suppose that p < |. Then, the channel is a 
convex combination of the form 

where 

®o(p) = (1 -p)p + pa x pa x , 

*lG°) = (±-P)P + P<TyP<Ty, 

p G cr(H), are two phase damping channels. 
Proof of Theorem 3. 

Fix the state /) G a(H <£> K). Due to Proposition 1 one can find the 
unitary operator W £ U x such that TrxiP) = WTrx{p)W* satisfies 
the identity 



E v (Tr K (p)) = -I H , (24) 
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where p = (W ® Ik)p(W* ® Ik)- Using the covariance of the channel 
<E> with respect to IA X we obtain 

S{{®®Id){p)) = S{{<&®Id)(p)). 

It follows from Proposition 8 that 

1 — 3n 2n 

($®Id){p) = ^ 1 ®Id){p) + — ^(a z ®lK){yi®Id)(p)(a z ®I K ), 

1 — p 1 — p 

where 

Jd)(p) = (1 -p)p + p(cr y ® Ik)p(o v ® Ik), 

and 

(*l®Id)(p) = pp+^^(a x ®I K )KVx®lK) + ^^(Vz®lK)p(Vz®lK)- 

Hence, we get 

5(($ ® Jd)(p)) > min{S($i 8) 8) Id) (pi))}. (25) 

Taking into account (|2"3|) one can apply Theorem 1 to ($i®IcQ(/5). 
Then, 

S((*i®Id)G5)) > -(l-p)log(l-p)-plogp+i(5(2rr H ((|el X eJ|®IxM)+ 

5(27V#((|4 >< e£| <8> /*»), (26) 

where |ej >= IU*|eQ >, ^ >= VF*|ef >. 

It follows from Proposition 1 that there exists the unitary operator 
W £Uy such that Tr^ip) = WTrx(p)W* satisfies the identity 

E x {Tr K (p)) = \l H , (27) 

where p = (W ® Ik)p(W* ® /#). Moreover, 

E y {Tr K (p)) = E y (WTr K (p)W*) = E y (Tr K (p)) = ±I H , (28) 

because W" belongs to the algebra generated by the projections >< 
eg|, |e? >< efl, such that E y (W) = W. 

The covariance of with respect to U y gives us 

Jd)G5)) = S r ((*i® Jd)(3)). 



18 



It follows from Proposition 9 that the channel (g) Id can be repre- 
sented in the form 

(*i®Id)(£) = -E—^ ^Id)Cp)+ J~ ^ A (7 X ^I K ) ($i®ld)Cp)(a x ®l K )+ 
1 — p 2(1 — 2p) 

(29) 

where 

($o®W)(^) = (l-p^ + p^^/if)^®^), 

($i<8)/d)(p) = (1 -pyp + p{o y ®I K )~p(o y ®I K ), 

Taking into account the identities (|27|1 and (|28|) one can apply 
Theorem 1 to (<l?o ® Id){p) and ($1 ® Id){p). Thus, we obtain 

S{{^®Id){p)) > -(l-p)log(l-p)-plogp+^(S(2Tr H ((\el >< 4\®I K )p))+ 

(30) 

S(2Tr H ((\e 2 2 >< e\\® I K )p))), 
where \e\ >= W*W*\eQ >, \e\ >= W*W*\ef > and 

S((pi<8>Id)(p)) > -(l-p)\og(l-p)-p\ogp+^{S(2Tr H ({\e\ X e\\®I K )p))+ 

(31) 

S{2Tr H ({\el >< e\\® I K )p))), 

where |ef >= W*W*\e y Q >, |e| >= W*W*\e\ >. Combining (J2SJ), 
(J2U), © and flSTJ) we obtain the result. 
□ 
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